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The discovery of Berry curvature (BC) has spurred a tremendous surge of research into various quantum
phenomena such as the anomalous transport of electrons and the topological phases of matter. In two-dimensional
crystalline systems, the conventional definition of the BC lacks the in-plane components and thus it cannot
explain the transverse transport along the plane-normal direction. Here, we modify the BC to provide in-plane
components in two dimensions, giving rise to the vertical Hall effects that describe out-of-plane transports in
response to in-plane perturbations and their Onsager reciprocity. Our first-principles calculations show that a
large in-plane BC can appear even in an atomic-thick GdAg2 monolayer, and a hexagonal BiAg2 monolayer
can host a large BC dipole known to vanish in the conventional BC. The quantum transports driven by the
hitherto-hidden BC will become more significant in recently emerging two-dimensional platforms, including
van der Waals heterostructures.
DOI: 10.1103/PhysRevB.104.L081114
I. INTRODUCTION
The anomalous transport of electrons and the topological
phases of matter originate from the quantum geometric phase
of Bloch states, which is described by the Berry curvature
(BC) [1–3]. In three-dimensional periodic systems, the crystal
momentum k is a good quantum number and the reduced
Hamiltonian H (k) is acquired by the Bloch theorem. The
eigenstates and the corresponding eigenvalues are denoted by
|n(k)〉 and En(k). The BC of the nth band has the conventional
form of [4,5]
3Dn (k) = i
∑
m =n
〈n|∇kH |m〉 × 〈m|∇kH |n〉
(En − Em)2
. (1)
Hereafter, unless specified, we express |n(k)〉 and En(k)
by |n〉 and En for simplicity. A nonvanishing BC appears in
symmetry-broken environments [5]. For a system with bro-
ken time-reversal symmetry, the integration of (k) over the
momentum space links to an intrinsic anomalous Hall effect
[3,6]; for a noncentrosymmetric system, the integration of
∂ki(k), referred to as the BC dipole, gives rise to the quan-
tum nonlinear Hall effect [7–9] and the photogalvanic effect
[10–13].
By contrast, for two-dimensional systems located in the
xy plane, kz is not a good quantum number and only the z
component of the BC is defined by Eq. (1). Through the di-
mensional crossover from three to two dimensions (Fig. 1),
one can gain insight into the incompleteness of the existing
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definition of the BC. The left panels of Fig. 1 show three-
dimensional materials with broken time-reversal symmetry
and broken inversion symmetry, respectively. When a ferro-
magnetic moment is present along the x direction, the net flux
of the x-component BC induces an anomalous Hall effect. As
illustrated in Fig. 1(a), for example, an electric field along
the z direction (Ez) generates an electrical current along the
y direction (Jy) [3]. Similarly, when electric polarization is
present along the z direction, a helical structure of BC around
the polarization ( ∼ ẑ × k) carries a nonzero BC dipole,
leading to a nonlinear Hall current (Jz) in response to an
oscillating electric field (Eω,x), as shown in Fig. 1(b) [11,14].
All of these transverse transport phenomena are engendered
by the well-defined x, y components of the BC in three dimen-
sions. We now reduce to the lower dimension by gradually
decreasing the thickness of the system (Fig. 1, right panels).
Because the symmetry breaking remains the same, one can
speculate that the aforementioned anomalous responses would
be retained during the dimensional reduction. In a recent
experiment [15], the giant vertical nonlinear Hall effect has
been reported upon varying the thickness of WTe2 and MoTe2
films. The conventional BC in two dimensions, however, can-
not describe these responses because Eq. (1) does not include
the in-plane components. Therefore, it is necessary to gener-
alize the BC formula to provide all three components for a
complete description and applications of anomalous transport
in two dimensions.
In this paper, we generalize the BC in two dimensions
and predict the generation of a large vertical Hall current in
response to an in-plane electric field. The reformulated BC
has in-plane components that are absent in the conventional
BC. Using perturbation theory, we derive that the in-plane
BC governs the vertical transverse transports illustrated in the
right panels of Fig. 1. Our density functional theory (DFT)
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FIG. 1. (a) Left: The BC flux is induced by broken time-reversal
symmetry in a three-dimensional solid. Right: In dimensional
crossover preserving the symmetry breaking, in-plane BC appears
with the corresponding linear anomalous Hall effect in two dimen-
sions. (b) Left: The helical BC texture emerges from broken inversion
symmetry in a three-dimensional solid. Right: During dimensional
reduction, the helical texture of in-plane BC is preserved, resulting in
the out-of-plane BC dipole and the corresponding nonlinear anoma-
lous Hall effect in two dimensions.
calculations reveal that the in-plane BC can dominate over
the conventional out-of-plane component even in the extreme
limit of atomic-thick two-dimensional systems in which the
vertical motion is suppressed. We consider two representa-
tive examples of inversion-broken and time-reversal-broken
systems: BiAg2 and GdAg2 monolayers. Against the general
belief that the BC dipole vanishes in two-dimensional hexago-
nal systems [7], a large dipole component of BC survives in a
BiAg2 monolayer based on our formalism. We also performed
the time-dependent DFT calculations, explicitly demonstrat-
ing the vertical Hall currents induced by the in-plane BC.
II. GENERALIZATION OF BC IN TWO DIMENSIONS
We present the following generalization of the BC by ap-
plying a position operator formalism [16–18]. In a periodic
system, the physical meaning of ∇kH in Eq. (1) is the ve-
locity operator multiplied by h̄. Therefore, 〈n|∂kz H |m〉 can be
replaced with 〈n|i[H, z]|m〉 = i(En − Em)〈n|z|m〉 for n = m in
a system confined along the z direction. Notably, 〈n|z|m〉 is
well defined in a finite system, enabling the in-plane BC com-
ponents to be reformulated. The modified version of Eq. (1)
for two-dimensional systems is then
2Dn (k) = i
∑
m =n





〈n|∇kH |m〉 × 〈m|zẑ|n〉
En − Em . (2)
The first term is the conventional out-of-plane component,
and the second term gives in-plane BC, which has not yet
been considered. Unlike 3D in Eq. (1), the two-dimensional
H (k) is not sufficient to express 2D, requiring additional
information about the hidden degree of freedom along the z
direction. Note that the second term in Eq. (2) is not strictly
a curvature in the conventional sense, which originates from
the holonomy of the electronic states in k space. But in this
paper we call it a generalized version of a curvature because it
becomes equivalent to the conventional curvature when the
periodicity along the z direction is restored. We also note
that similar generalizations are possible for one and zero di-
mensions [19]. We hereafter omit the superscript “2D” unless
specified.
The reformulated BC indeed describes the anomalous
responses illustrated in the right panels in Fig. 1. In
the presence of a constant electric field (E ) along the
z direction, the perturbed eigenstate is written as |̃n〉 =
|n〉− ∑m =n |m〉〈m|eEz|n〉/(En − Em) in the length gauge. The
transverse in-plane current is then given by the in-plane com-
ponents of the reformulated BC:











where fk is the electron distribution function. In two dimen-
sions, Eqs. (2) and (3) account for a type of anomalous Hall
transport in response to a vertical electric field [Fig. 1(a),
right panel]. Also, the Onsager reciprocity indicates that an
in-plane electric field can induce the z-directional shift of an
electron so that a charge current is pumped into an adjacent
metal electrode stacked in the vertical direction. In the ab-
sence of the inversion symmetry, a semiclassical theory [7]
shows that the nonequilibrium distribution function perturbed
by an external electric field, δ fk ∝ E · ∇k fk, may generate
the nonlinear Hall and photogalvanic currents [Fig. 1(b), right
panel], the magnitudes of which are both proportional to the
BC dipole.
III. HELICAL IN-PLANE BC IN A POLAR BiAg2
MONOLAYER
Here we investigate the generalized BC in an atomic-thick
BiAg2 monolayer, in which the out-of-plane polar displace-
ment (z) of Bi atoms [Fig. 2(a)] [20] induces substantial
in-plane BC and its dipole. Figure 2(b) is the electronic
band structure calculated from the first-principles calculations
[19] and shows a Rashba-like spin splitting induced by the
inversion asymmetry. As illustrated in Fig. 1(b), the polar
displacement is expected to display a helical structure of the
in-plane BC and the corresponding out-of-plane BC dipole.
In Fig. 2(c), a clockwise helical BC vector is drawn in the
momentum space with the chemical potential μ set to 0.55 eV
(green horizontal lines). Figure 2(d) shows the out-of-plane
BC dipole density, dz(k) = (1/2)[∇k × (k)]z, arising from
the helical in-plane BC, the maximum size of which reaches
500 Å3. By integrating the BC dipole density over the first
Brillouin zone, we plot the BC dipole as a function of μ in
Fig. 2(e). According to Fig. 2(f), the helical in-plane BC is a
direct consequence of the polar displacement.
The resulting BC dipole implies the significance of our
generalized formalism. According to the conventional BC
L081114-2
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FIG. 2. (a) Atomic structure of the BiAg2 monolayer. The polar
displacement of the Bi atoms breaks the inversion symmetry. (b)
The electronic structure of the BiAg2 monolayer. (c) The in-plane
BC vectors in the momentum space, as calculated at the chemical
potential μ = 0.55 eV. (d) The BC dipole density (dz) in the momen-
tum space calculated from the curl of the BC vectors in (c). (e) Plot
of the BC dipole (Dz) (the integration of dz over the first Brillouin
zone) as a function of the chemical potential. (f) y calculated along
the kx direction for ky = 0 by varying the polar displacement. The
result indicates that the in-plane BC is proportional to the amount of
symmetry breaking induced by the polar displacement.
formula, the BC dipole vanishes in two-dimensional crystals
belonging to the C3v symmetry class [7], and hence it has
been widely believed that the nonlinear Hall effect is absent
in two-dimensional hexagonal crystals. On the contrary, our
calculations exhibit a hidden BC dipole in a BiAg2 mono-
layer, which is also in the C3v symmetry class. Furthermore,
the maximum size of the BC dipole density is more than
two orders of magnitude larger than that arising from the
conventional out-of-plane BC in III-V semiconductor [110]
quantum wells (≈ 1 Å3) [12]. The resultant BC dipole is as
large as −0.4 Å, which is comparable [19] to the enormously
enhanced value at the topological phase transition in BiTeI
[14]. It is also comparable to the large BC dipole (induced by
the out-of-plane BC) of WTe2 multilayers [8,9,13] and SnTe
monolayers [21].
To investigate the microscopic mechanism of the in-plane
BC in a BiAg2 monolayer, we constructed a four-band model
based on p orbitals in Bi atoms and s orbitals in Ag atoms. As
mentioned above [after Eq. (2)], unlike the conventional BC,
the in-plane BC cannot be calculated only by the Hamiltonian
and its eigenstates, but additional information on matrix ele-
ments of the out-of-plane position operator z is necessary. By
carefully taking them into account, we derive [19]

pz
in ∝ zẑ × k, (4)
up to first order in sp hybridization and the polar displace-
ment. Here pzin is the in-plane BC for the pz band and z is
the polar displacement of Bi atoms [Fig. 2(a)]. The in-plane
BC forms a helical BC structure induced by the inversion
breaking polar displacement as we depict in Fig. 1(b). The
out-of-plane BC dipole density from the helical BC texture
is then given by 12∇k × pzin ∝ zẑ. The in-plane BCs for the
other bands show similar behaviors, as implied by the symme-
try. Recalling that the matrix elements of the position operator
z are essential for our calculation, the finite spatial extension
of electron clouds along the surface normal direction and
interorbital mixing triggered by the polar displacement play
a crucial role in providing the in-plane BC.
IV. IN-PLANE BC FLUX IN A FERROMAGNETIC GdAg2
MONOLAYER
Now we consider the second system, a GdAg2 monolayer,
where the in-plane ferromagnetic moments of Gd atoms break
the time-reversal symmetry [22,23]. The electronic band
structure corresponding to the Gd moments aligned along the
x direction [Fig. 3(a)] is shown in Fig. 3(b). As illustrated
in Fig. 1(a), the in-plane ferromagnetic moment yields the
yz component of the anomalous Hall conductivity (σyz) given
by the integration of the x component BC (x) multiplied by
e2/h [Eq. (3)]. The calculated σyz reaches 0.62 e2/h in the
vicinity of the Fermi level [Fig. 3(c)], which is comparable to
the quantized Hall conductivity of Chern insulators [24,25].
The substantial size of σyz in the GdAg2 monolayer implies
that, even in atomically thin films, the vertical Hall response
cannot be neglected. The unveiled σyz can provide a proper
interpretation of some measurement schemes the microscopic
formulations of which in two dimensions remain elusive, such
as the longitudinal magneto-optic Kerr effect of in-plane two-
dimensional ferromagnets [26,27].
Figures 3(d)–3(f) show maps of the three components of
the BC when the chemical potential is tuned slightly above
the Fermi level [yellow line in Fig. 3(b)]. In Fig. 3(d), the
maximum magnitude of x (283 Å2) emerges along the -K
line from the anticrossing between mz = ±1 and ±2 bands
L081114-3
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FIG. 3. (a) Atomic structure of the GdAg2 monolayer. The in-plane ferromagnetic moment of the Gd atoms breaks the time-reversal
symmetry. (b) The electronic structure of the GdAg2 monolayer. (c) The yz component of the anomalous Hall conductivity (the integration of
x over the first Brillouin zone) as a function of the chemical potential (μ). (d)–(f) Maps of each component of  calculated at the chemical
potential depicted as yellow lines in (b) and (c). The results are consistent with the yz mirror reflection and inversion symmetry of the system.
Whereas x is large, the other components are negligible (z) or vanish when integrated out (y).
composed of dyz/dzx and dxy/dx2−y2 orbitals, respectively. The
integration of y vanishes because of the yz mirror plane
perpendicular to the ferromagnetic moment [Fig. 3(e)], and
z in Fig. 3(f) is negligible ( 1 Å2).
In Supplemental Material [19], we construct a model
Hamiltonian and the matrix element of the position operator
z. We calculate the in-plane BC for one of the mz = ±2 bands
as
in ∝ αkxk, (5)
up to first order in spin-orbit coupling parameter α and the
inverse of the band splitting energy. Note that x ∝ k2x can
give a nonvanishing BC monopole, while y ∝ kxky cannot.
And the in-plane BC distribution of x ∝ k2x and y ∝ kxky
is also consistent with C2x rotation and Mx mirror reflection
symmetry of the system. These features are consistent with
Figs. 3(d) and 3(e). Our analytic theory reveals that, under
the in-plane spin polarization, spin-orbit coupling acts as a
ladder operator to raise or lower the orbital angular momen-
tum, which intertwines the lateral and vertical movements of
electrons and consequently gives rise to the large x.
V. TIME-DEPENDENT DFT CALCULATIONS FOR THE
VERTICAL HALL EFFECT
By performing time-dependent DFT calculations [19] for a
GdAg2 monolayer, we explicitly demonstrate the anomalous
Hall current induced by the in-plane BC shown in Fig. 3(c).
Figure 4(a) shows the time-varying electric field obtained by
the Fourier transform of the frequency spectrum shown in
the inset. By applying the electric field along the y direction
(Ey), we obtain the transverse current along the z direction
(Jz ), which is perpendicular to both the electric field (E) and
the magnetic moment (M) [red curve in Fig. 4(b)]. We also
observe an oscillatory current profile the period of which
approximately coincides with that of the electric field. Be-
cause of the lack of an additional relaxation process in our
simulation, the oscillating current persists even after t = 2.0
fs when the external field is negligible. The blue curve in
Fig. 4(b) shows the Hall current along the y direction (Jy)
under an electric field along the z direction. Jz and Jy are of
the same magnitude but with opposite signs, clearly showing
the expected Onsager reciprocity σyz = −σzy.
L081114-4
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(deg)
FIG. 4. (a) The applied electric field to the GdAg2 monolayer
as a function of time in the time-dependent DFT calculations. Inset:
Frequency spectrum of the applied electric field. (b) Time-varying
current along the y direction (Jy) under the electric field along the z
direction (red) and that along the z direction (Jz) under the electric
field along the y direction (blue). (c) The Jz calculated by rotating
the in-plane directions (θ ) of the applied electric field. (d) Schematic
of the geometry of the simulation. (e) Time-averaged normalized
currents as a function of θ . The error bars are determined by the
standard deviation over the evaluation times. The solid black line
denotes cos θ .
In addition, we investigated the out-of-plane current re-
sponse by varying the direction of the applied electric field
within the plane [Fig. 4(c)]. Here, θ is the angle of the electric
field that deviates from the y direction [Fig. 4(d)]. The magni-
tude of Jz is maximum when the electric field is perpendicular
to the direction of the ferromagnetic moment (black and pur-
ple curves), whereas it completely vanishes when the electric
field is parallel to M (green curve). Figure 4(e) shows a plot
of the normalized Hall current as a function of θ [19]. Despite
the complicated oscillating feature of Jz in time, all data fall
along a single cosine curve, confirming that JH ∼ E × .
Therefore, the transverse current Jz is directly determined by
the anomalous Hall conductivity σzy in Eq. (3) and it thus is
the manifestation of the in-plane BC. The transverse transport
phenomena in our simulation indeed represent an anomalous
Hall effect in a two-dimensional in-plane ferromagnet the
response function of which is governed by the in-plane BC.
VI. CONCLUSION
We generalize the BC in two dimensions, unravelling, in
particular, the existence of the in-plane components and corre-
sponding responses. The in-plane components capture linear
and nonlinear anomalous Hall effects along the surface normal
direction, which cannot be described by the conventional BC
formalism. The vertical responses originate from the spatial
distribution of electrons along the confined direction and are
inevitable in real two-dimensional systems. The giant in-plane
BC appearing in the atomic-thick limit represents an advance-
ment beyond proof of concept and provides a perspective into
quantum transport in low dimensions. Furthermore, in the
currently prevailing van der Waals heterostructures [28–31],
the generalized BC can be tailored through adjustment of the
symmetry in diverse ways, enriching the scope and function-
ality of two-dimensional systems.
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